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Online integration of scheduling and control is crucial to cope with process uncertainties. We propose a new online
integrated method for sequential batch processes, where the integrated problem is solved to determine controller refer-
ences rather than process inputs. Under a two-level feedback loop structure, the integrated problem is solved in a fre-
quency lower than that of the control loops. To achieve the goal of computational efficiency and rescheduling stability,
a moving horizon approach is developed. A reduced integrated problem in a resolving horizon is formulated, which can
be solved efficiently online. Solving the reduced problem only changes a small part of the initial solution, guaranteeing
rescheduling stability. The integrated method is demonstrated in a simulated case study. Under uncertainties of the con-
trol system disruption and the processing unit breakdown, the integrated method prevents a large loss in the production
profit compared with the simple shifted rescheduling solution. VC 2014 American Institute of Chemical Engineers AIChE
J, 60: 1654–1671, 2014
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Introduction

Enterprise-wide optimization has become a major goal in
the process industries, which can account for complex trade-
offs and interactions across the various functions, subsys-
tems, and levels of decision making.1–4 As two major
decision-making layers in the production hierarchy, integra-
tion of scheduling and control has attracted significant
research efforts in recent years.5–20 Compared with the tradi-
tional method where the scheduling problem and the control
problem are solved sequentially, the integrated method can
optimize the overall performance of the production process
by making a better coordination between the subsystems.

However, most integrated methods focus on simultaneously
optimizing the two problems offline. There are relatively few
studies8,12 which investigate how the integrated approach can
be implemented online. There are three critical issues for an
online integrated method, which are often neglected in exist-
ing methods.

The first issue is how the integrated method cooperates
with unit controllers. In most existing methods, the control-
lers are completely incorporated into the integrated problem,
which is solved to determine the process inputs directly. As
shown in Figure 1a, the integration structure results in an
open-loop control system. The integrated method solves a
mixed-integer dynamic optimization (MIDO)21,22 problem to
optimize scheduling decisions along with the operational rec-
ipe, for example, processing times and processing costs. The

integration structure completely neglects process uncertain-
ties. However, unforeseen disruptions are inevitable in a pro-
cess, which can cause the actual production to deviate from
what is planned.23–28 To cope with uncertainties, the inte-
grated problem should be resolved online. Based on the
open-loop structure in Figure 1a, a closed-loop integration,
which is shown in Figure 1b, can be built by resolving the
integrated problem at each controller sampling point accord-
ing to measured real-time data.12 Considering that the inte-
grated problem is a plant-wide optimization including
dynamic models for all possible combinations of operational
tasks and processing units, the complicated MIDO problem
is difficult to solve in a frequency as high as the controller
sampling rate. To alleviate the computational burden,
another integration framework has been developed,8 which is
shown in Figure 1c. The framework requires parameterized
controllers, for example, PI controllers. The integrated prob-
lem is solved to update the controller parameters rather than
the process inputs. Because the controllers work in real time,
the processing units are always controlled in feedback loops.
However, the requirement of parameterized controllers pre-
vents implementing the integrated method with some
advanced control techniques, like model predictive control
(MPC).

Besides the integration structure, another issue which is
often neglected is the computational efficiency. Most previ-
ous studies concentrate on the formulation of the integrated
problem. The formulated MIDO problem is often discretized
into a mixed-integer nonlinear programming (MINLP) prob-
lem which is then solved by a general-purpose MINLP
solver.9,12–14 This solution approach, called the simultaneous
method, is straightforward. However, the computational time
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is generally too long for online implementation. Except the
continuous process,12 there is lack of the online simultaneous
method for the batch process.

The third important, while often neglected, issue for an
online integrated method is the rescheduling stability. It is a
measure of the discrepancy between the initial schedule
and the rescheduling solution.29 Different from the automatic
control loops, execution of a schedule usually requires human
resources. Frequent and dramatic change in the rescheduling
solution can cause the problem of “floor nervousness,”30 sub-
stantially lowering the production efficiency. In addition,
scheduling decisions are often linked to other decision levels
like the supply chain planning. Large variations in the
rescheduling solution can cause negative effects on the coor-
dination with other decision levels. A good rescheduling
approach should improve the rescheduling performance while
prevent dramatic changes in the rescheduling solution.31 The
existing integrated methods seldom take the rescheduling sta-
bility into account, which tend to change the entire schedule
even if only a minor disruption occurs.

To address the three important online implementation
issues, we propose a new online integrated method. To coop-
erate with the advanced controllers, a novel integration
framework is developed in Figure 1d. The integrated prob-
lem is solved to determine the reference trajectories for con-
trollers. The controllers then track the references by
manipulating the process inputs in the real-time feedback
loops. Unlike the framework in Figure 1b, the controllers do
not return the output trajectory to the higher level. Instead,
execution information of completed tasks is returned. The
execution information summarizes the results of control sys-
tems required by the scheduling model. Specifically, in this
work, it includes the task processing times and processing
costs that are calculated from the dynamic trajectories of the
control systems under uncertainties. The deviation between
the real measured values and the predetermined values
reflects the uncertainties. At the higher level, the integrated
problem is solved online to determine new reference trajec-
tories along with scheduling decisions. The integrated frame-
work contains two levels of feedback loops. We should note

Figure 1. Structures for integrated scheduling and control problem.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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that the top-level rescheduling feedback loop works in a dif-
ferent time scale from the bottom-level control feedback
loops. The rescheduling feedback loop is event-driven, for
example, by task completion or unit breakdown. Thus, the
integrated problem does not need to be solved in the same
frequency as high as the controller loops. The different time
scales facilitate online implementation of the integrated
method.

Besides the integration structure, we develop a moving
horizon approach to solve the integrated problem online,
which addresses computational efficiency and rescheduling
stability at the same time. Under uncertainties, this policy
determines a new solution of the integrated problem based on
the initial one (the offline solution or the previous online
solution). Only a reduced problem in a short horizon is
solved while the scheduling decisions and controller referen-
ces beyond the horizon follow those of the initial solution.
Dramatic change in the rescheduling solution is avoided as
only a segment of the initial schedule is modified. Another
benefit from the moving horizon policy is that only a reduced
problem is solved which is much simpler than the entire
problem.

The novelties of this work in solving integrated scheduling
and control problem online to cope with uncertainties are
summarized as
� A new online integration framework with the two-level

feedback loops working in different time scales.
� A moving horizon predictive-reactive solution approach

that guarantees rescheduling stability while reduces the
computational time for a new online solution.

� A formulation of the reduced problem that can be
solved efficiently online.

It should be noted that we use the moving horizon
approach to solve the integrated problem online, which is dis-
tinct from those for solving scheduling problems.32–34

Besides the scheduling model, the integrated problem
includes a number of dynamic models. The online integrated
problem determines not only scheduling decisions but also
controller references. Processing times and processing costs
are variables in the integrated problem while they are com-
monly fixed parameters in a conventional scheduling
problem.

The remainder of the article is organized as follows. The
problem statement and the integration framework have been
explained in Problem Statement Section and Online Integra-
tion Framework Section, respectively. The core component
of the framework is to solve a reduced problem formulated
in Formulation of Online Integrated Problem Section. A
Case Study Section demonstrates the proposed method. The
conclusion is given in final section.

Problem Statement

This work concentrates on the sequential batch process
where material splitting and mixing is prohibited. In the
sequential batch process, the batch integrity is preserved and
the batch size is fixed. The batch size is predetermined by
solving a planning problem, often called the batching prob-
lem. As illustrated in Figure 2a, a customer order is divided
into suborders, each of which can be fulfilled by one batch.
The entire production procedure from the raw materials to
the final products for fulfilling a suborder is called a job,
which consists of several operational stages shown in Figure
2b. An operational stage can be executed in processing units

specified by the job routing diagram. A job operational stage
is also called a task, which is indicated by the combination
of the job index and the stage index. In a sequential batch
scheduling problem, the job information is commonly given
directly and the batching procedure is not taken into
account.

The integrated problem is solved to determine scheduling
decisions and controller references. The scheduling decisions
are often visualized by a Gantt chart illustrated in Figure 2c,
which shows the assignment of a task to a processing unit,
the starting time of the task, and the execution duration. Dif-
ferent form a conventional scheduling problem, the integrated
problem can change the recipe data such as the processing
time and the processing cost for a task. The recipe data are
variables that can be manipulated by setting the reference tra-
jectories for the control system associated with the task.

In the proposed integration framework, we assume a local
controller can stabilize the unit dynamic system and have a
good performance for tracking the reference trajectories
determined by the integrated problem. The requirement on
the stability and the tracking performance is actually a stand-
ard objective for designing a control system, imposing no
restrictions on the integrated method. Of course, the

Figure 2. Statement of integrated scheduling and con-
trol problem.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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references cannot be exactly tracked by a real controller.
The discrepancy between the reference trajectories and the
real ones is regarded as a type of uncertainties, which is fed
back to the integrated problem along with other uncertain-
ties. Then, the integrated problem is resolved online taking
the uncertainties into account including the trajectory
discrepancy.

Specifically, the online integrated scheduling and control
problem is stated as

Implementation
To solve the integrated scheduling and control problem online
under uncertainties

Process structure
Sequential batch process

Controllers
Stable controllers with good tracking performance

Given
Resolving horizon
Job release date and due date
Job operational stages (tasks) and capable processing units
Sale price and fixed cost of completing a job
Unit cost of utilities for executing a task
Utility, safety, and quality constraints
Dynamic models for processing tasks
Real-time information of completed tasks and processing units

Determine
Task assignment and sequence
Task starting times, processing times, and processing costs
Job completion times
Reference trajectories for closed-loop control systems

Objective
To maximize the production profit

We should note that a batch scheduling problem can have a
great variety of configurations, for example, the sequence-
dependent task changeover times and costs. However, because
the focus of the article is placed on the integration of the
scheduling model and the dynamic models, rather than the
details about each submodel, we do not consider various
scheduling configurations in this work. For example, in a batch
process, the task changeover times and costs are commonly
fixed parameters for the scheduling model given that the
changeover procedure of transferring materials from one unit
to another is typically not formulated into a dynamic model.

In this work, the integrated method is developed for the
sequential batch process. We do not consider the general
network-structured batch process where material splitting and
mixing are allowed. The network batch process will result in
a different interface between the scheduling model and the
dynamic models so that a new integrated method is required,
which will be considered as a future research. For simplicity,
the scheduling model does not include various configurations,
for example, sequence-dependent task changeover times. The
controller design problem is not formulated into the integrated
problem. The integrated method assumes that the controllers
can stabilize the dynamic systems describing task execution
and track the reference trajectories determined by the inte-
grated method. Of course, as mentioned above, the discrep-
ancy between the references and the real ones is allowed.

Online Integration Framework

The proposed online integration framework is shown in Fig-
ure 1d. When disruptions occur, the integrated problem is
resolved to cope with the disruptions. To achieve the goal of
both computational efficiency and rescheduling stability, we

propose a moving horizon approach. It is a solution repairing
approach under uncertainties. The moving horizon approach is
based on an initial solution. Instead of changing the initial solu-
tion completely, the moving horizon approach only modifies a
small portion of the initial solution. In this section, we present
the framework of the online integrated method. The detailed
formulation of the mathematical problem solved online will be
presented in Formulation of Online Integrated Problem Section.

The horizon, in which the integrated problem is resolved,

stretches from the current time point at which the informa-

tion about the disruptions is received. The horizon length is

equal to a predetermined value. To emphasize the difference

between the integrated problem and a conventional schedul-

ing problem, we name the horizon as the “resolving horizon”

instead of the common “rescheduling horizon.”
The flow chart of the moving horizon approach as well as

illustrations is shown in Figure 3. Initially, the integrated sched-
uling and dynamic optimization problem is solved offline. The
solution includes the scheduling decisions and the controller
references. Then, the production is carried out according to the
offline schedule and the process dynamic systems are manipu-
lated by the controllers tracking the reference trajectories.

When disruptions occur in the process, the controllers
send event messages to trigger the solution of the integrated
problem online. Each event message records the information
about the disruptions, for example, the changed processing
times or the breakdown units. In this work, we focus on non-
preemptive tasks. The controller of a task only sends the
message after the task is completed or when the task is
forcefully terminated by unit breakdown.

When the integrated method receives an event message, it

updates the variables in the integrated problem according to

the actual data. The disruptions can cause infeasibility of the

initial schedule. For example, the prolonged processing time

of a task makes it impossible to start the subsequent task at

the scheduled starting time. The infeasibility is handled by a

shifted schedule that is constructed by shifting the task bars

on the Gantt to the right while the shifted distance is kept as

small as possible. The shifted schedule may prolong the job

completion times. In this work, no hard constraint is placed

on the job completion times. Instead, a penalty function is

formulated to punish the tardy jobs. Hence, shifting task bars

can ensure a feasible schedule. The shifted feasible schedule

serves as a good starting point from which the reduced prob-

lem is formulated and solved.
Based on the shifted schedule, the reduced problem in the

rescheduling horizon is formulated. The detailed formulation

is presented in the next section. The assignment and

sequence of the tasks inside the rescheduling horizon can be

changed as well as the recipe data. For example, the process-

ing time of a task can be shortened to catch up the due date,

whereas the processing cost is increased to achieve the

shorter processing time. The solution of the reduced inte-

grated problem also determines new controller references,

which are then passed to the control systems. Eventually, the

rescheduling solution is carried out and the new references

are tracked by the control systems.
Because the integrated problem needs to be solved online,

feasibility of the integrated problem under different condi-
tions should be discussed. Considering that we do not place
a hard constraint on the job completion times, shitting and
swapping the task bars on the Gantt chart can guarantee the
schedule feasibility. For the dynamic optimization, the task
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processing times are adjustable without a hard upper bound.
In addition, the initial conditions and the set-points are
known, the feasibility of optimizing a dynamic model can be
guaranteed. Therefore, feasibility of the online integrated
problem is ensured. We should note that the integrated prob-
lem is solved to determine the reference trajectories for the
control systems and it does not consider how the controllers

are designed to track the determined references. According
to the common nonpreemptive scheduling rule that a running
task is not interrupted before its execution is completed, the
integrated method does not interfere with the controllers dur-
ing task processing periods. Instead, the integrated method
only interacts with a controller before and after the task
processing period. Therefore, we assume the controllers can

Figure 3. Flow chart of the integrated method and the illustration.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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track the references determined by the integrated method. If
MPCs are implemented to track the references, we assume
the MPCs are recursively feasible.

Formulation of Online Integrated Problem

In this section, we present the formulation of the reduced
integrated problem, which is solved online. The formulation
can cover the offline integrated problem as a special case
when the resolving horizon is equal to the entire production
horizon.

The scheduling problem is formulated by the general prec-
edence model,35,36 which is illustrated in Figure 4. Let a job
be indexed by j and a stage by k. All stages of job j com-
prise set Kj. A task, representing a job operational stage, is
denoted by the pair (j,k). A processing unit is indexed by i
and the units capable of executing task (j,k) belongs to set
Ijk. The scheduling model includes two types of binary varia-
bles: the assignment variables nijk which indicate if task (j,k)

is assigned to unit i, and the precedence variables bijkj0k0

which are equal to one if task j; kð Þ precedes task j0; k0ð Þ in
unit i. The continuous variables in the scheduling model
include the task starting times TSjk, the task ending times
TEjk. In a common scheduling problem, the task processing
times are fixed as parameters. However, in the integrated
problem, some tasks have variable recipe and their process-
ing times can be changed. For the tasks with fixed recipe,
the parameter processing times are denoted by ptijk while for
the tasks having variable recipe, the variable processing
times are denoted by PTijk.

Admittedly, there are a great variety of scheduling problems
so that a single model cannot formulate all scheduling prob-
lems. Using the general precedence model,35,36 we do not con-
sider sequence-dependent task changeover times and costs. To
formulate the sequence-dependent changeovers, the immediate
precedence scheduling model is more convenient37 where a
sequencing binary variable denotes the immediate predecessor
of a given task. As there is no scheduling model that outper-
forms the others in all scheduling problems,37 we do not aim
to find the most efficient scheduling model for formulating the
integrated problem. We also should note that a scheduling
specification could significantly affect the computational per-
formance for solving the scheduling problem and in turn the
performance for solving the integrated problem. For example,
the sequence-dependent changeovers can substantially increase
the computational time for solving the scheduling problem
and consequently the one for solving the integrated problem.
For scheduling problems with different specifications, the
resolving horizon should be changed so that the online inte-
grated problems can be solved within the time limit.

To present the reduced problem, we first partition the vari-
ables according to the resolving horizon. Then, we formulate
the subproblems in the historical period, the resolving hori-
zon, and the future period beyond the resolving horizon,
respectively. The objective function, the cuts on the binary
variables, and integrated problems are discussed in the sub-
sequent sections.

Cluster of tasks

Let sh denote the beginning time of the resolving horizon
and lh denote its length. In the integration framework, the
resolving horizon can start at different time points when dis-
ruptions occur. However, the beginning time sh is a parame-
ter for each online integrated problem.

The online integrated problem is a reduced one derived
from the initial solution. According to the resolving horizon,
the tasks in the initial solution can be clustered into three
groups as illustrated in Figure 5. Each group is represented
by a set given as follows

JK5 Historical tasksf jStart before the resolving horizon g
JK5 Resolving tasksf jStart within the resolving horizon g
JK5 Future tasksf jStart after the resolving horizon g

In the reduced problem, some variables are fixed accord-
ing to the historical data, whereas some are fixed according

Figure 4. Formulation of the general precedence
model.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 5. Clusters of tasks.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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to the initial solution. We use a variable with two bars above
to represent the historical data of the variable and use a vari-
able with one bar above to represent its value in the initial
solution. For example, let TSjk denote the starting time of

task (j,k), Then, TS jk denotes the historical data of the start-

ing time, and TS jk denotes the value in the initial solution.

Using the notations, TSjk is a variable, whereas TS jk and

TS jk are fixed parameters. The same naming convention is

applied to other variables.

Model in historical period

In the historical period, all variables are fixed according to
the data from tasks that are already completed or still being
executed. These tasks belong to set JK . As the assignment
of the historical tasks is known, the binary assignment varia-
bles are fixed according to the historical data

nijk5nijk; 8 j; kð Þ 2 JK ; i 2 Ijk (1)

Similarly, the binary precedence variables bijkj0k0 are fixed at

bijkj0k05bijkj0k0 ; 8 j; kð Þ 2 JK ; j0; k0ð Þ 2 JK ; i 2 Ijk \ Ij0k0 (2)

As the tasks in the historical period have all been started,
the task starting times are fixed according to the historical
data

TSjk5TS jk; 8 j; kð Þ 2 JK (3)

The task ending times depend on if the tasks are com-
pleted. When the tasks are completed, the ending times are
fixed according to the historical data

TEjk5TE jk; 8 j; kð Þ 2 JK ; j; kð Þ is completed before sh

(4)

When the tasks are still being executed, the ending times
are fixed at

TEjk5TS jk1
X
i2Ijk

nijkPT ijk; 8 j; kð Þ

2 JK ; j; kð Þ is not completed before sh (5)

where PT ijk is the processing time of the initial solution,
representing the expected processing time.

Model in resolving horizon

In the resolving horizon, the integrated problem is solved
for the tasks belonging to set JK. The integrated problem is
a reduced formulation of the original entire problem. The
tasks in the resolving horizon can be rescheduled and the
operational recipe can be reoptimized. In a batch process,
not all tasks are represented by dynamic models with control
systems. For example, packing tasks are often assumed to
have the fixed recipe without dynamic models.14 To distin-
guish the tasks with dynamic models from the ones without,
the task set is partitioned into two subsets as

JK5JKD [ JKF

where

JKD5 j; kð Þ 2 JKf jHaving dynamic model g
JKF5 j; kð Þ 2 JKf jHaving fixed recipe g

A task in JKD has the variable processing time PTijk and
the variable processing cost PCijk, which can be manipulated
by changing the controller reference. By contrast, a task
belonging to JKF has the fixed processing time, which is a
known parameter denoted by ptijk.

Scheduling Model. All tasks in the resolving horizon can
be rescheduled. The task starting times and ending times are
adjustable.

For a task with the fixed recipe, the task ending time TEjk

is equal to the starting time TSjk plus the fixed processing
time ptijk

TEjk5TS jk1
X
i2Ijk

nijkpt ijk; 8 j; kð Þ 2 JKF (6)

Similarly, the ending time for a task with variable recipe is

TEjk5TS jk1
X
i2Ijk

nijkPT ijk; 8 j; kð Þ 2 JKD

where PTijk is the variable processing time. By linearizing
the product XPT ijk5nijkPT ijk, the nonlinear constraints can
be reformulated into linear ones as shown below

TEjk5TS jk1
X
i2Ijk

XPTijk; 8 j; kð Þ 2 JKD (7)

0 � XPTijk � PT ijk; 8 j; kð Þ 2 JKD; i 2 Ijk (8)

XPTijk � nijkpt max
ijk ; 8 j; kð Þ 2 JKD; i 2 Ijk (9)

XPT ijk � PT ijk2 12nijk

� �
pt max

ijk ; 8 j; kð Þ 2 JKD; i 2 Ijk (10)

where pt max
ijk is an upper bound of PTijk. Because the tasks

for a job are executed sequentially through the operational
stages, the task in the current stage cannot start earlier than
the ending time of the task in the previous stage

TS jk � TE j k21ð Þ; 8 j; kð Þ 2 JK; k � 2 (11)

The assignment and the sequence of the tasks in the
resolving horizon can be changed. The assignment variables
nijk are constrained byX

i2Ijk

nijk51; 8 j; kð Þ 2 JK (12)

because each task is executed exactly once. In a processing
unit, a task is executed either before or after another one, so
the starting times of two tasks are constrained by the prece-
dence variables bijk

TS jk1pt ijk2bm 12bijkj0k0
� �

� TS j0k0 ; 8 j; kð Þ 2 JKF;

j0; k0ð Þ 2 JKF; j; kð Þ 6¼ j0; k0ð Þ; i 2 Ijk \ Ij0k0
(13)

TS jk1PT ijk2bm 12bijkj0k0
� �

� TS j0k0 ; 8 j; kð Þ 2 JKD;

j0; k0ð Þ 2 JKD; j; kð Þ 6¼ j0; k0ð Þ; i 2 Ijk \ Ij0k0
(14)

where bm denotes a big-M term. Inequality (13) enforces the
sequence for the tasks with fixed recipe, and inequality (14)
enforces the sequence for those with variable recipe. Because
a unit operation is described by either dynamic model or
fixed recipe, the tasks with fixed recipe and the tasks with
variable recipe cannot be executed in the same unit. Thus, it
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is not required to formulate the sequence for a task belong-
ing to JKF and another task belonging to JKD. The produc-
tion sequence is only enforced when both tasks j; kð Þ and
j0; k0ð Þ are assigned to the same unit i. Thus, the precedence

variables are constrained by the assignment variables

nijk1nij0k02bijkj0k02bij0k0jk � 1; 8 j; kð Þ 2 JK; j0; k0ð Þ 2 JK;

j; kð Þ 6¼ j0; k0ð Þ; i 2 Ijk \ Ij0k0

(15)

The inequalities ensure that if both tasks j; kð Þ and j0; k0ð Þ
are assigned to the same unit i (nijk51 and nij0k051) then at
least one precedence variable should be one (bijkj0k051 or
bij0k0jk51). The two precedence variables cannot be equal to
one at the same time according to inequalities (13) and (14).

Dynamic Model. The goal of dynamic optimization in
the integrated problem is to determine the reference trajecto-
ries for the controller. Only the tasks belonging to JKD have
dynamic models. The dynamic model of a task is described
by a set of differential equations

dXijk Tijk

� �
dTijk

5Fijk Xijk Tijk

� �
;Uijk Tijk

� �� �
; 8 j; kð Þ 2 JKD; i 2 Ijk

(16)

The differential equation (16) is indexed by unit i, and
task (j,k). Correspondingly, all variables in the differential
equations are indexed by ijk, including the time variable Tijk.
For a compact expression, the states Xijk(Tijk) and the inputs
Uijk(Tijk) are expressed by the vector forms. The vector
forms are also used to express other variables and constraints
in the dynamic models.

To facilitate numerical solution of the dynamic optimiza-
tion problem, the differential equation (16) can be discre-
tized. The time interval is partitioned by equal-length
segments called finite elements. The grid points are

T0
ijk50 � T1

ijk � � � � � Tr
ijk � � � � � T

nr
ijk

ijk 5PT ijk; 8 j; kð Þ 2 JKD;

i 2 Ijk

Tr
ijk2Tr21

ijk 5Lijk; 8 j; kð Þ 2 JKD; i 2 Ijk; r > 0

(17)

where the finite elements are indexed by r and the starting
point of finite element r is denoted by Tr

ijk. The number of
finite elements is denoted by nr

ijk. The dynamic model is
assumed to be time-invariant so that the initial time T0

ijk can
be set at zero. The length of the finite elements is repre-
sented by Lijk. In each finite element, a number of colloca-
tion points are generated. The time value at each collocation
point is

Trq
ijk5Tr21

ijk 1cqLijk; 8 j; kð Þ 2 JKD; i 2 Ijk; r > 0 (18)

where the collocation points are indexed by q. Trq
ijk denotes

the time value at collocation point q in finite element r.
The coefficients cq are determined from the discretization
method.

Using the collocation points, the continuous-time state and
input trajectories satisfying the differential equations are dis-
cretized. The discretization procedure transforms the differ-
ential equation (16) into algebraic equations as

Xrq
ijk5Xr21

ijk 1Lijk

X
q0

aqq0Fijk Xrq0

ijk ;U
rq0

ijk

� �
; 8 j; kð Þ 2 JKD;

i 2 Ijk; r > 0

(19)

Xr
ijk5Xr21

ijk 1Lijk

X
q

bqFijk Xrq
ijk;U

rq
ijk

� �
; 8 j; kð Þ 2 JKD; i 2 Ijk;

r > 0

(20)

where Xr
ijk denotes the discretized state trajectory

Xr
ijk5Xijk Tr

ijk

� �
. Similarly Xrq

ijk denotes the discretized state

value at a collocation point and Urq
ijk is the discretized value

of the input trajectory. The parameter aqq0 represents a coeffi-

cient in the collocation matrix and bq is an element in the
collocation vector. The discretization procedure is actually a
numerical integration method for solving the differential
equations. Various methods with different collocation points
can be applied. In this work, we use the Radau IIA method,
which has a robust performance for stiff differential
equations.38

The initial condition and the final value of the dynamic
models are

X
r50ð Þ

ijk 5xI
ijk; 8 j; kð Þ 2 JKD; i 2 Ijk (21)

X
r5nr

ijkð Þ
ijk 5xF

ijk; 8 j; kð Þ 2 JKD; i 2 Ijk (22)

where the initial condition xI
ijk and the final value xF

ijk are
given parameters. Besides, the dynamic models are subject
to constraints regarding safety, quality, and other issues.
These constraints can be summarized as

Hijk Xrq
ijk;U

rq
ijk

� �
� 0; 8 j; kð Þ 2 JKD; i 2 Ijk (23)

Optimizing the dynamic models returns processing times
and processing costs which are recipe data for the scheduling
model. Without loss of generality, the processing cost can be
represented as a function uijk of the final state value

PCijk5uijk X
r5nr

ijkð Þ
ijk

� �
; 8 j; kð Þ 2 JKD; i 2 Ijk (24)

The processing time is equal to the product

PTijk5Lijknr
ijk (25)

Model in future period beyond resolving horizon

For the future tasks beyond the resolving horizon, the
binary variables and the processing times are fixed at those
determined by the initial solution. The starting times can be
varied to guarantee the feasibility, whereas the processing
times are fixed according to the initial solution.

The tasks in this period belong to set JK . The assignment
variables are fixed at

nijk5nijk; 8 j; kð Þ 2 JK ; i 2 Ijk (26)

where nijk is the value of the binary variable in the initial
solution. The precedence variables are fixed at the initial
solution value bijkj0k0

bijkj0k05bijkj0k0 ; 8 j; kð Þ 2 JK ; j0; k0ð Þ 2 JK ; i 2 Ijk \ Ij0k0 (27)
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The task processing times are fixed at

PT ijk5PT ijk; 8 j; kð Þ 2 JK ; i 2 Ijk (28)

The task starting times TSjk and the ending times TEjk are
variables, which are constrained by

TE jk5TS jk1
X
i2Ijk

nijkpt ijk; 8 j; kð Þ 2 JK
F

(29)

TE jk5TS jk1
X
i2Ijk

nijkPT ijk; 8 j; kð Þ 2 JK
D

(30)

where set JK
F

indicates the tasks with the fixed recipe and
set JK

D
includes those with the variable recipe. The two sets

partition JK , that is, JK
F [ JK

D
5JK .

Objective function

The schedule performance often relies on the job comple-
tion times. It is desirable to deliver the completed jobs as
soon as possible. For the adjustable processing times, small
values are preferable to reduce the job completion times.
However, short processing times may incur large processing
costs. There should be a tradeoff between the processing times
and the processing costs.

The objective function for the integrated problem is to
maximize the profit,39 which is the difference between the
sales and the costs

max Profit 5Sales 2Cost V2cF (31)

The sales is equal to the sum of the job prices

Sales 5
X

j

PR j (32)

The variable cost is the sum of processing costs for the
tasks with variable recipe

Cost V5
X

j;kð Þ2JKD; i2Ijk

nijkPC ijk

The bilinear terms can be linearized by introducing continu-
ous variables XPC ijk5nijkPC ijk such that

Cost V5
X

j;kð Þ2JKD;i2Ijk

XPC ijk (33)

0 � XPC ijk � PC ijk; 8 j; kð Þ 2 JKD; i 2 Ijk (34)

XPC ijk � nijkpc max
ijk ; 8 j; kð Þ 2 JKD; i 2 Ijk (35)

XPC ijk � PC ijk2 12nijk

� �
pc max

ijk ; 8 j; kð Þ 2 JKD; i 2 Ijk

(36)

The processing cost is bounded from above by pc max
ijk . The

fixed cost cF is a parameter, including other unchanged
costs.

The job prices PRj are functions on the job completion
times DTj as shown in Figure 6. There is a threshold dj on
each completion time. When the completion time is less than
the threshold value, the job has a constant price prj.

Figure 6. Job price function.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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However, when the completion time exceeds the threshold, a
linear penalty term is added and the job price reduces gradu-
ally as the completion time increases. The completion time
cannot exceed the upper bound cmax

j .
The penalty on the completion time results in a piecewise

linear job price function, which has two segments. Binary
variables cj are introduced to indicate if a job completion
time exceeds the threshold (cj 5 1) or not (cj 5 0). Then, the
job completion times can be expressed by

DT j5DT I
j1DT II

j ; 8j (37)

cjdj � DT I
j � dj; 8j (38)

0 � DT II
j � cj cmax

j 2dj

� �
; 8j (39)

where DT I
j and DT II

j are the components of the completion
time DTj. The job completion time is equal to the ending
time of the last task

DT j5TE j k5ð jKjjÞ; 8j (40)

The completion times are constrained by the upper bound

DT j � cmax
j ; 8j (41)

The job price is equal to

PR j5pr j 12
1

cmax
j 2dj

DT II
j

 !
; 8j (42)

Cuts on binary variables

As an MINLP, the integrated problem is complicated by
coupling of binary variables and nonlinear equations. To
simplify the solution approach, some constraints on the
binary variables are introduced, which cutoff some infeasible
region and help the solver to reduce the search scope.

Some binary variables can be fixed at zero for the infeasi-
ble assignment

nijk50; 8j; k 62 Kj; or i 62 Ijk

� �
(43)

and the infeasible precedence

bijkj0k050; 8j; j0; k 62 Kj; or k0 62 Kj0 ; or j; kð Þ5 j0; k0ð Þ;
�

or i 62 Ijk \ Ij0k0
�

(44)

Task clustering according to the resolving horizon also
adds cuts on the precedence constraints. The tasks belonging
to the same period can be fixed according to Eqs. (2) or
(27). For the tasks belonging to different periods, there are
also constraints on the precedence variables. As the historical
tasks precede the tasks in the resolving horizon, the prece-
dence variables are

bijkj0k05nijknij0k0 ; 8 j; kð Þ 2 JK ; j0; k0ð Þ 2 JK; i 2 Ijk \ Ij0k0

(45)

The value of bijkj0k0 is one if tasks j; kð Þ and j0; k0ð Þ are
assigned to the same processing unit. The precedence varia-
bles for the historical tasks and the future tasks are

bijkj0k05nij0k0
�nijk; 8 j; kð Þ 2 JK ; j0; k0ð Þ 2 JK ; i 2 Ijk \ Ij0k0

(46)
which are known parameters. Conversely, no tasks in the

resolving horizon or the future period can precede the histor-
ical tasks

bijkj0k050; 8 j; kð Þ 62 JK ; j0; k0ð Þ 2 JK ; i 2 Ijk \ Ij0k0 (47)

The similar constraints can be formulated for the tasks in
the resolving horizon and the tasks beyond the resolving
horizon

bijkj0k05nijk
�nij0k0 ; 8 j; kð Þ 2 JK; j0; k0ð Þ 2 JK ; i 2 Ijk \ Ij0k0

(48)

bijkj0k050; 8 j; kð Þ 2 JK ; j0; k0ð Þ 2 JK; i 2 Ijk \ Ij0k0 (49)

Integrated problems

To summarize, the online reduced integrated problem is
formulated as

(Online Integration) max Profit

s.t.
Scheduling model (1)–(15), (26)–(49)
Dynamic models (17)–(25)

Besides the online reduced integrated problem, we need to
solve the entire problem offline to start the production process.
We also need to determine the shifted schedule which gener-
ates a feasible initial solution starting from which the online
problem is derived. These two problems can be regarded as
the special cases of the online problem (Online Integration).

The offline problem is formulated by setting the starting
time as zero and the length of the resolving horizon as the
production horizon. As a result, the task sets become

JK5JK5fg
JK5 All tasksf g

The offline integrated problem is

(Offline Integration) max Profit
s.t.
Scheduling model (6)–(15), (31)–(44)
Dynamic models (17)–(25)

The shifted schedule can be obtained by setting the length
of the resolving horizon as zero. Then, the task set in the
resolving horizon is empty

JK [ JK5 All tasksf g

JK5fg

All variables are fixed except the starting times of the
tasks belonging to JK . To minimize the change in the start-
ing times, a penalty term is formulated as

VST 5
X

j;kð Þ2JK

jTS jk2TS jkj

The absolute difference can be expressed by
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VST 5
X

j;kð Þ2JK

DS jk (50)

DS jk � TS jk2TS jk; 8 j; kð Þ 2 JK (51)

DS jk � TS jk2TS jk; 8 j; kð Þ 2 JK (52)

where DS jk5jTS jk2TS jkj. Either inequality (51) or inequal-
ity (52) will be activated when the penalty term is added to
the objective function. The shifted rescheduling problem is

(Shifted schedule) max Profit—VST
s.t.
Scheduling model (1)–(5), (26)–(44),

(46), (47), (50)–(52)

Case Study

To demonstrate the proposed online integrated method, we
apply it to a simulated example in this section. The results
of the integrated method are first compared with those
returned by the sequential method. The integrated method
can significantly improve the objective function value mean-
while the required computational time increases substan-
tially. The computational complexity makes it very difficult
to solve the entire integrated problem online. The advantage
of the proposed method is that it only solves a reduced prob-
lem in the resolving horizon, ensuring computational effi-
ciency as well as rescheduling stability.

We should note that the online solution approach is differ-
ent from the conventional rescheduling ones. In the case
study, though the scheduling problem is not large-scale, the
integrated problem, a complicated MIDO, is actually difficult
to solve. The complexity of the case study is comparable to
those in the literature.13,14,39 The integrated problem is so
complicated that it cannot be solved to the 1% optimality
gap within 50,000 s.

In this work, all optimization problems are modeled in
GAMS 24.0.140 and solved in a PC with Intel(R) Core(TM)

i5-2400 CPU @ 3.10 GHz, 8 GB RAM, and Window 7 64-
bit operating system.

Scheduling model

The process diagram is shown in Figure 7. The batch pro-
cess consists of three operational stages: a reaction task, a
filtration task, and another reaction task. The first reaction
task can be executed in Reactor RI or RII and the second
reaction task can be executed in Reactor RIII or RIV. The fil-
tration task is processed in a filter F. The batch process aims
to complete eight jobs. The filtration stage of a job has the
fixed processing time and the processing cost. The two reac-
tion stages of a job are described by dynamic models, which
will be given in Dynamic model Section. The objective is to
maximize the production profit. The job due date is 15 h and
the value for completing a job will decrease when the job
completion time exceeds the due date. The parameter values
for the scheduling model are listed in Table A1.

Dynamic model

The dynamic model for a reaction task is described by the
differential equations

Chemical kinetics S! P

dCS tð Þ
dt

52kSe2eS=TR tð ÞCS tð Þ

dIT tð Þ
dt

5TR tð Þ2tmin
R

CS 0ð Þ5c0
S

IT 0ð Þ50

0 � t � PT

PC 5cRIT PTð Þ

tmin
R � TR tð Þ � tmax

R

CS PTð Þ � c0
SvS

TR PTð Þ � tfinal
R

The state variable CS denotes the reactant concentration.
The reaction follows the first-order mass reaction law and

Figure 7. Process diagram for the case study.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the rate coefficient is dependent on the reactor temperature
TR. The time interval of a dynamic model is bounded by the
processing time PT. The processing cost PC is proportional
to the final value of the integral temperature IT. The differen-
tial equation of IT implies

PC 5cR

ðPT

0

TR tð Þ2tmin
R

� �
dt

The coefficient cR denotes the unit utility cost. The calcula-
tion of the processing cost follows that in the literature.14

For the safety issue, the reactor temperature is bounded by
the minimum value tmin

R and the maximum value tmax
R . The

final value of the concentration should satisfy the demanded
conversion vS and the final value of the reactor temperature
should be less than a given value tfinal

R so that the outlet
materials can be cool enough for the safe transmission to a
storage tank. The parameters of the reaction dynamic models
are listed in Table A2.

The total number of dynamic models in the integrated
problem is 8 3 2 3 2 5 32 (#jobs 3 #reaction tasks 3

#units). The differential equations of each dynamic model
are discretized by the collocation method using 30 finite ele-
ments. The number of finite elements is determined by a trial-
and-error method on all dynamic models. Further increasing
the number of finite elements does not change the results of
dynamic optimization. Though a single dynamic model is sim-
ple, the 32 dynamic models can generate a great number of
nonlinear equations after the discretization procedure.

The reactor temperature is the controller reference, which
will be tracked by the temperature control system. The tem-
perature reference trajectory is often represented by a trape-
zoid,41 which is shown in Figure 8. The value of TRM, SI,
SII, and PT will be determined by solving the integrated
problem. To cope with the piecewise linear function of the
temperature reference, we use the multiperiod dynamic opti-
mization approach. The dynamic optimization problem is
solved in three periods corresponding to the three segments

of the temperature reference. In each period, the temperature
is represented by a linear function of the time. The results of
different periods are linked in such a way that the final value
of the dynamic model in the previous period is the initial
condition of the current period.

Offline schedule by sequential method

For the comparison purpose, we first solve the integrated
problem by the conventional sequential method. The advant-
age of the sequential method is its simplicity. The sequential
method determines the processing times and the processing
costs by solving a set of separated dynamic optimization
problems for each dynamic model. The processing times and
the processing costs are then fixed as parameters when the
scheduling problem is solved. The sequential method opti-
mizes each dynamic model by minimizing the processing
time. A small processing time can reduce the completion
time of a job and in turn increase the sales. However, a
small processing time may imply a large processing cost.
The inability to tradeoff the conflicting factors of the proc-
essing times and the processing costs is the main disadvant-
age of the sequential method.

After the discretization procedure, each dynamic model
contains 548 equations and 551 variables. The NLP solver
CONOPT is used to solve the dynamic optimization prob-
lem. It spends 10.6 s in total to minimize the processing
times of the 32 dynamic models. The scheduling model con-
tains 1227 equations, 89 continuous variables, and 314
binary variables. The MILP solver CPLEX 12.5 spends 0.8 s
to solve the scheduling problem to the 1% optimality gap.
The optimal profit returned by the sequential method is
236.3 m.u. (monetary unit). The Gantt chart of the sequential
method is shown in Figure 9.

Offline schedule by integrated method

To optimize the overall performance of the batch plant, the
integrated method is required. The integrated problem (Offline
Integration) is solved by the simultaneous approach.9,13,14 The
integrated problem is initialized by the results of the sequen-
tial method. Though each subproblem is easy to solve, the
integrated problem is very complicated. The model includes
18,892 equations, 17,722 continuous variables, and 314 binary
variables. The integrated problem is solved by SBB (We have

Figure 8. Reference trajectory of the reactor tempera-
ture.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 9. Scheduling results returned by the sequential
method. The label on a task bar denotes (job,
stage).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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also tried another common MINLP solver DICOPT, which
had difficulty in finding a feasible solution because of a large
number of nonlinear equations in the integrated problem).
When the resource limit of 50,000 s (13.9 h) is reached, the
optimality gap remains as large as 17.6%. Such inefficiency
of the simultaneous method is also reported in previous stud-
ies,13,14 reflecting the complexity of the integrated problem.

Though the optimality gap is large, the best solution found
by the integrated method is 429.4 m.u. Compared with 326.3
m.u. returned by the sequential method, a 31.6% improve-
ment is achieved by the integrated method. To investigate
the tradeoff made by the integrated method, the components
of the objective function value are listed in Figure 10. The
sequential method attempts to increase the sales by minimiz-
ing the task processing times. However, the minimum proc-
essing times incur large processing costs, lowering the profit.
The integrated method can make a better balance between
the sales and the total processing cost. Though the sale is
slightly lower than that of the sequential method, the total
processing cost is substantially reduced, leading to a much
higher profit.

The Gantt chart of the integrated method is shown in Fig-
ure 11. By changing the processing times simultaneously

with the production sequence and the unit assignment, the
integrated method can utilize the processing units more
effectively. The idle periods of the four reactors in Figure 11
are much shorter than those by the sequential method in Fig-
ure 9.

We should note that the advantage of the integrated
method relies on the fact that it can make a better tradeoff
on the conflicting factors than its sequential counterpart. The
conflicting factors in the case study are the processing times
and the processing costs when a processing cost increases as
its corresponding processing time decreases. Otherwise, no
tradeoff is required when the processing cost increases with
the processing time so the integrated method is not need. In
this case, both sequential and integrated methods return the
same result.

Track of temperature references by control systems

In the proposed integration framework, the integrated
problem is solved to determine the controller reference. In
this subsection, we investigate the tracking ability of control
systems. It will be shown that though there are discrepancy
between the reference temperature and the actual one, the
discrepancy is negligible. Even when some minor disruptions
occur in the control system, the controller can automatically
attenuate them. There is no need to resolve the integrated
problem for any disruption. The integrated problem is only
solved online when some major disruptions occur, which
cannot be handled by the control system.

The temperature control system is shown in Figure 12.
The temperature reference TR tð Þ is given by solving the inte-
grated problem. The controller measures the actual reactor
temperature Tm

R tð Þ and manipulates the flow rates of the heat-
ing fluid and the cooling fluid. The flow rates change the
jacket temperature TJ tð Þ which in turn changes the reactor
temperature Tm

R tð Þ through heat exchange.
MPC is implemented for the temperature control and it

determines the jacket flow rates by solving the optimization
problem

Figure 10. Components of the objective function value
returned by the sequential method and the
integrated method.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 11. Scheduling results returned by the inte-
grated method.

The label on a task bar denotes (job, stage). [Color

figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.] Figure 12. Temperature control loop of a reactor.
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FH
J tð Þ;FC

J tð Þ5arg min

ðsTC

0

Tm
R tð Þ2TR tð Þ

� �2
dt

s.t.

dTm
R tð Þ
dt

5
uaJ

vRqRcpR

TJ tð Þ2Tm
R tð Þ

� �
dTJ tð Þ

dt
5

FH
J tð Þ tHJ 2TJ tð Þ

� �
vJ

1
FC

J tð Þ tC
J 2TJ tð Þ
� �

vJ

1
uaJ

vJqJcpJ

Tm
R tð Þ2TJ tð Þ

� �
tmin
R � Tm

R tð Þ � tmax
R

f min
JH � FH

J tð Þ � f max
JH

f min
JC � FC

J tð Þ � f max
JC

The horizon sTC for MPC is set as 1 h. The objective is to
minimize the discrepancy between the reactor temperature
Tm

R tð Þ and the reference value TR tð Þ. The state variables are
the reactor temperature Tm

R tð Þ and the jacket temperature
TJ tð Þ. The two differential equations describe the energy
exchange between the reactor and the jacket. The control
variables are the flow rates of the heating fluid FH

J tð Þ and the
cooling fluid FC

J tð Þ. The reactor temperature and the flow
rates are bounded by the path constraints. All batch reactors
in the case study are identical whose parameters are shown
in Table A3. The controlled flow rates are set as piecewise
constant functions. The tracking results of the controller are
shown in Figure 13. It is seen that the actual reactor temper-
ature can closely track the reference value.

Online implementation of integrated method

When uncertainties occur, the information concerning dis-
ruptions will be passed to the integrated problem. Then, the
integrated problem is resolved online. In this case study, the
time available for the integrated method is set as 0.1 h
(360 s). The time period is not enough to solve the entire
integrated problem as the computational time for the offline
solution is nearly as long as the production horizon. The pro-
posed method can, however, return a solution in a short time
period because it merely solves a reduced problem.

To demonstrate the proposed method, we create two uncer-
tainty scenarios: one is caused by the control system disrup-
tion and the other by the unit breakdown. To demonstrate the
necessity of resolving the integrated problem online, the
results are compared with those returned by the shifted sched-
ule. The shifted schedule only changes the task starting times,
whereas it does not change the task processing times and
processing costs by reoptimizing the dynamic systems.

Scenario 1: Control System Disruption. In this scenario,
a large disruption occurs in the control system for task (6,1).
The control system fails to work in the third segment for the
temperature reference. The heating flow rate remains at zero,
whereas the cooling flow rate is fixed at 8 m3/h. Though the
actual temperature can finally decrease to the set value, the
total processing time is prolonged by the disruption. The
prolonged processing time makes the original schedule infea-
sible. The next task in the reactor cannot start according to
the offline schedule.

The proposed method first generates a feasible schedule
by solving the shifted rescheduling problem (Shifted sched-

ule). The shifted schedule is shown in Figure 14a. The
shifted schedule determines the resolving horizon starting
from the completion time of the task (6,1) with the length
equal to 5 h.

Then, the tasks are clustered into three groups according
to the resolving horizon. The online integrated problem
(Online Integration) is solved. Only the tasks in the resolving
horizon are free to change. They can be resequenced or reas-
signed. The starting times and the processing times can be
changed as well. The reference for the reactor temperature
can be reoptimized. The results of the online solution are
shown in Figure 14b.

The online solution of the reduced integrated problem is
different from the shifted schedule in terms of task sequence
and assignment. For example, the online solution assigns
reactor RIII to execute task (6,3) instead of reactor RIV for
the shifted schedule. We should note that the integrated
problem is solved not only to change scheduling decisions
but also to change the recipe data of processing times and
processing costs. It is seen from the Gantt charts that the
processing time for task (6,3) is prolonged in the online solu-
tion. The changed recipe data correspond to the different
controller references which are shown in Figure 15. In con-
trast, the shifted schedule fixes the controller references at

Figure 13. Trajectories of the control system for task
(6,1).

(a) Temperature trajectories. (b) Flow rate trajecto-

ries. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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the values in the offline solution. Rescheduling the produc-
tion along with changing the operational conditions is a fea-
ture of the integrated method, which is distinct from a
common rescheduling approach.

The comparisons of the objective function values for the
shifted schedule and the online solution are listed in Table 1.
The reduced integrated problem includes 7456 equations,
7018 continuous variables, and 126 binary variables. Com-
pared with the offline integrated problem, the online problem
is reduced so that it can be solved to the 1% optimality gap
in 99.4 s, which is less than the limit of 360 s. Under the
uncertainty, the profit is degenerated from 429.4 m.u. of the
offline solution to 417.0 m.u. of the shifted schedule. The
profit is degenerated by 3% for the shifted schedule, whereas
it is degenerated by 1% for the online solution.

Scenario 2: Processing Unit Breakdown. In this sce-
nario, the disruption of unit breakdown is investigated. Unit

breakdown is a common uncertainty in scheduling problem.
It cannot be coped with by a local control system and the
integrated problem has to be solved online. In this example,
the process is initially operated according to the offline solu-
tion in Figure 11. Reactor RII breaks down from 0 to 1 h.
The breakdown delays the starting time of the first task (5,1)
in the reactor. When the reactor is recovered at 1 h, the inte-
grated problem is solved by the proposed method.

First, the shifted rescheduling problem (Shifted schedule)
is solved. The shifted schedule is shown in Figure 16a. The
resolving horizon extends from 1 to 6 h. Then, the online
integrated problem (Online Integration) is solved and the
solution is shown in Figure 16b. The online solution changes
the task sequence and assignment. For example, the task
(7,1) changes to the second position from the third position
in the shifted schedule. The operational condition is also
changed. The processing time of task (7,1) is prolonged to
reduce the processing cost.

The comparisons of the objective function values for the
shifted schedule and the online solution are listed in Table 2.
The reduced integrated problem includes 8942 equations, 8426
continuous variables, and 138 binary variables. The online
problem is reduced so that it can be solved to the 1% optimal-
ity gap in 151.3 s, which is less than the limit of 360 s. Under
the uncertainty, the profit is degenerated from 429.4 m.u. of
the offline schedule to 377.6 m.u. of the shifted schedule. The
profit is degenerated by 12.1% for the shifted schedule,
whereas it is degenerated only by 1.5% for the online solution.

Conclusions

We propose an online integrated method for the sequential
batch process. The integrated method determines the control-
ler references simultaneously with scheduling decisions and
task recipes. The determined references can be tracked by
advanced controllers like MPCs. To obtain an efficient solu-
tion while avoiding dramatic changes from the initial solu-
tion, a moving horizon approach is developed. A reduced
online problem is formulated based on the initial solution.

Figure 14. The scheduling results by resolving the inte-
grated problem under uncertainty scenario 1.

(a) Shifted schedule. (b) Online solution. The label on a

task bar denotes (job, stage). The processing time of

task (6,1) is prolonged by the disruption. The period

between two dash lines in the shifted schedule is the

resolving horizon. The historical tasks are represented

in gray and the future tasks beyond the resolving hori-

zon are represented by white boxes. The tasks in the

resolving horizon are colored. [Color figure can be

viewed in the online issue, which is available at wileyon-

linelibrary.com.]

Figure 15. The controller references for task (6,3) when
the integrated problem is solved offline and
when the problem is solved online under
uncertainty scenario 1.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Table 1. Comparisons of the Shifted Schedule and the Online

Solution of the Integrated Problem Under Uncertainty

Scenario 1

Shifted Schedule Online Solution

Profit (m.u.) 417.0 425.2
Sales (m.u.) 764.1 754.3
Processing cost (m.u.) 107.1 89.1
Fixed cost (m.u.) 240 240
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The reduced problem is much simpler than the entire inte-
grated problem and can be solved efficiently. As only a part
of the initial solution is changed, rescheduling stability is
guaranteed. The online integrated method is demonstrated
by the case study including eight jobs and 32 dynamic mod-
els. The online integrated problem in a resolving horizon of
1 h can be solved efficiently in 3 min, whereas solving the
entire integrated problem requires more than 13 h. Under
uncertainties of the control system disruptions and the proc-
essing unit breakdown, the online solution prevents a large
loss in the production profit. In the worst case, the decreased
profit is only 1.5% for the integrated method, whereas it is
12.1% for the shifted rescheduling method. In this work, we
do not consider the sequence-dependent changeovers, which
will be formulated in the integrated problem for the future
research.

Notation

Set

Ijk = units capable of processing task (j,k)
JK = tasks in historical period
JK = tasks in future period beyond resolving horizon
JK = tasks in resolving horizon, JK5JKF [ JKD

JKD = tasks with dynamic models in resolving horizon
JKF = tasks with fixed recipe in resolving horizon

JK
D

= tasks with dynamic models in future period
JK

F
= tasks with fixed recipe in future period

Kj = operational stages for job j

Index
i = processing unit

j; j0 = job
k; k0 = stage

j; kð Þ; j0; k0ð Þ = task
r = finite element

q; q0 = collocation point

Binary variable
nijk = equal to one if task (j,k) is assigned to unit i

bijkj0k0 = equal to one if task (j,k) precedes task j0; k0ð Þ in unit i
cj = equal to one if job j is completed after dj

Variable
CostV = total variable cost

DSjk = absolute change in starting time of task (j,k)
DTj = completion time of job j

DT I
j , DT II

j = components of DTj

Lijk = length of finite element in dynamic model for task (j,k) in
unit i

PCijk = variable processing cost of task (j,k) executed in unit i
PRj = price value of job j

Profit = production profit
PTijk = variable processing time of task (j,k) executed in unit i
Sales = sales of jobs

Tijk = time variable of dynamic model for task (j,k) in unit i
Tr

ijk = starting time of finite element r for dynamic model of task
(j,k) in unit i

Trq
ijk = time point of collocation point q in finite element r for

dynamic model of task (j,k) in unit i
TSjk = starting time of task (j,k)
TEjk = ending time of task (j,k)
Uijk = input vector of dynamic model for task (j,k) in unit i
Urq

ijk = discretized input vector Uijk at collocation point q in finite
element r

VST = total change in task starting times
Xijk = state vector of dynamic model for task (j,k) in unit i
Xr

ijk = discretized state vector Xijk at beginning of finite element r
Xrq

ijk = discretized state vector Xijk at collocation point q in finite
element r

XPCijk = product of nijkPCijk

XPTijk = product of nijkPTijk

Parameter

aqq0 = collocation matrix
bm = big-M value
bq = collocation vector
cq = collocation vector
cF = total fixed cost

cmax
j = upper bound of completion time for job j

dj = threshold in price function of job j
lh = length of resolving horizon

nr
ijk = number of finite elements of dynamic model for task (j,k) in

unit i
prj = constant price for job j

ptijk = fixed processing time of task (j,k) in unit i
pt max

ijk = upper bound for processing time of task (j,k) in unit i
sh = beginning of resolving horizon

xI
ijk = initial condition of dynamic model for task (j,k) in unit i

xF
ijk = final value of dynamic model for task (j,k) in unit i

Figure 16. The scheduling results by resolving the inte-
grated problem under uncertainty scenario 2.

(a) Shifted schedule. (b) Online solution. The label on a

task bar denotes (job, stage). Reactor RII breaks down

from 0 to 1 h. The integrated problem is solved when

the reactor is recovered. The period between two dash

lines in the shifted schedule is the resolving horizon.

The historical tasks are represented in gray and the

future tasks beyond the resolving horizon are repre-

sented by white boxes. The tasks in the resolving hori-

zon are colored. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.

com.]

Table 2. Comparisons of the Shifted Schedule and the Online

Solution of the Integrated Problem Under Uncertainty Sce-

nario 2

Shifted Schedule Online Solution

Profit (m.u.) 377.6 422.7
Sales (m.u.) 720.8 769.7
Processing cost (m.u.) 103.2 107.0
Fixed cost (m.u.) 240 240
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Appendix Parameters for Case Studies

Table A1. Parameters of the Scheduling Model

Job 1, 2, 3, 4 Job 5, 6, 7, 8

prj (m.u.) 100 100
dj (h) 15 15
cmax

j (h) 20 20
ptijk (filtration tasks) (h) 1.2 1.5
cost fix

j (m.u.) 30 30

The task changeover time in each processing unit is 0.2 h. The processing
units are ready at the beginning so that there is no changeover time for the
first task executed in a unit.
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Table A2. Parameters of Dynamic Models for Reaction Tasks

Job Job 1, 2, 3, 4 Job 5, 6, 7, 8

Stage Stage 1 Stage 3 Stage 1 Stage3

kS (h21) 2E1 1E2 1E4 5E2
eS (K) 1E3 1.5E3 3E3 2E3
c0

S (kmol/m3) 1 0.9 1 0.9
cR (m.u.) 0.2 0.2 0.2 0.2
tmin
R (K) 300 300 300 300

tmax
R (K) 350 350 350 350
vS (%) 90 90 90 90
tfinal
R (K) 300 300 300 300

# Finite elements 30 30 30 30

Table A3. Parameters of the Temperature Control System

Symbol Description Value Unit

sTC Control horizon 1 H
vR Volume of reactor 3 m3

qR Density of reactor 8E2 kg/m3

cpR Heat capacity of reactor 3.5 kJ/(kg K)
uaJ Heat transfer coefficient 1E5 kJ/(h K)
vJ Volume of jacket 1 m3

qJ Density of jacket 1E3 kg/m3

cpJ Heat capacity of jacket 4.2 kJ/(kg K)

tH
J Heating fluid temperature 370 K

tC
J Cooling fluid temperature 280 K

tmin
R Minimum reactor temperature 300 K

tmax
R Maximum reactor temperature 370 K

f min
JH Minimum heating flow rate 0 m3/h

f max
JH Maximum heating flow rate 20 m3/h

f min
JC Minimum cooling flow rate 0 m3/h

f max
JC Maximum cooling flow rate 20 m3/h
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